BOUNDING j-INVARIANT OF INTEGRAL POINTS ON X+(p) 
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Abstract. For prime p > 7, by using Baker's method we obtain two explicit 
bounds in terms of p for the j'-invariant of an integral point on X^aip) which 
is the modular curve of level p corresponding to the normalizer of a non-split 
Cartan subgroup of GL/2( 
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1. Introduction 

Let p be a prime number, p > 7. We denote by X+ S (p) the modular curve of 
level p corresponding to the normalizer of a non-split Cartan subgroup of GL 2 (Z/j)Z) . 
See, for instance, Serre [17], Section A. 5 for definitions and basic properties. In par- 
ticular, this curve has a canonical Q-model, which will be used throughout. One 
can similarly define X£ S (N) of a composite level N, but we restrict to prime levels 
in this article. 

We denote by j the standard j-invariant function on X+ S (p). We call a rational 
point P £ X+(p)(Q) an integral point with respect to j if j(P) £ Z. 

The modular curve X+ S (j>) has (p — l)/2 cusps, and all its cusps are conjugate 
over <Q. Hence, by classical Siegel's finiteness theorem [20], for p > 7 the curve 
X+ S (p) can have only finitely many integral points. Moreover, as follows from [5, 
Proposition 5.1(a)], their sizes can be bounded effectively in terms of p. 

In fact, under "Runge condition" which roughly says that all the cusps are not 
conjugate, there is an explicit bound for the j-invariant of the integral points on 
arbitrary modular curves over arbitrary number fields, see [8, Theorem 1.2]. Unfor- 
tunately, Runge condition fails for X+ S (p). So wc must introduce other techniques. 

In this paper we use Baker's method, more precisely Baker's inequality in the 
form due to Matveev [16, Corollary 2.3], to obtain two explicit bounds in terms of 
p for the j-invariant of an integral point on X^ s (p). 

Our first main result is the following general theorem. 

Theorem 1.1. Assume that p > 7 and let d > 3 be a divisor of (p — l)/2. Then 
for any integral point P on X^ s (p) we have 

\og\j(P)\<C(d)p 6d+5 (\ogp) 2 , 

where C(d) = 30 d+5 • d- 2d+i - 5 . 

In particular, if we choose d = ^— in Theorem 1.1, we obtain a bound which is 
explicit in p. 
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Theorem 1.2. Assume that p > 7. Then for any integral point P on X^ s (p) we 
have 

log|j(P)| < 41993 -13 p -p 2p+7 ' 5 (logp) 2 . 

By comparing these two theorems, the bound in Theorem 1.2 can be drastically 
reduced if ^— has a small divisor. 

The interest in integral points on the modular curves corresponding to normaliz- 
ers of Cartan subgroups is motivated by their relation to imaginary quadratic held 
of low class number. See Appendix A in Serre's book [17] for a nice historical ac- 
count and further explanations. In particular, integral points on the curves A+(24) 
and X+.(15) were studied by Heegner [12] and Siegcl [21] in their classical work on 
the class number 1 problem. Kenku [13] determined all integral points on X+(7), 
and Baran [3, 4] did this for A+(9) and A+(15). 

A general method for computing integral points on X+ S (p) is developed in [2]. 
Much more is known on integral and even rational points on modular curves cor- 
responding to the normalizers of split Cartan subgroups, see [9, 10]. In particular, 
the authors in [9] used the bound of j-invariant of integral points to solve Serre's 
uniformity problem in the split Cartan case and finally left this problem with the 
non-split Cartan case. 

In addition, recently the second author has used a different approach by applying 
Baker's method to get some effective bounds for the ^'-invariant of integral points 
on arbitrary modular curves over arbitrary number fields assuming that the number 
of cusps is not less than 3, see [18]. 

2. Notations and conventions 

Through out this paper, log stands for the principal branch of the complex 
logarithm, in this case will use the following estimate without special reference 

|]og(i + ,)i<M!z%, 

r 
for \z\ < r < 1, see [8, Formula (4)]. 

We fix p a prime number not less than 7. Let G be the normalizer of a non-split 
Cartan subgroup of GL2(Z/pZ) and X^ s (p) be the modular curve corresponding to 
G. In fact, up to conjugation, we know 

where S is a quadratic non- residue modulo p. In particular, one can choose S = — 1 
if p = 3 mod 4. Moreover, \G\ = 2(p 2 - 1) following from [4, Formula (2.3)] 
and det G = F* , where det G is the image of G under the determinant map det : 
GL 2 (Z/pZ)^F*. 

In the sequel, we fix a subgroup H of F* such that —I £ H and [F* : H] > 3. 
Put d = [Fp : H] , then we have 

J P- 1 



and d=[K:Q], 

where K = Q(Cp) and ( p = e r . We can identify the Galois group G&\(K/Q) 
with W*/H, we also identify Gal(Q(C p )/A') with H. In particular, K C Q(C P ) + , 
where Q(C P )+ = Q(C P + Q- 
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Put 

G H = {geG:dctgeH}. 

Then the determinant map induces an isomorphism: G/Gh — ^„ /H. We denote 
by Xh the modular curve corresponding to G#, which is defined over K. Here Xjj 
and X^ s (j>) have the same geometrically integral model, and the function field of 
Xjj is K(X+ s (p)). The curve Xh also has the same cusps as X+(p). In particular, 
Gal(K(X H )/Q(X+(p))) = Gal(K/Q). 

Hence, in this paper we identify the following four groups: Gal(K(XH)/ l Q(X+ s (p))), 
Ga\(K/Q), ¥p/H and G/Gh- The readers should interpret the exact meaning 
based on the context. 

Let % denote the Poincare upper half-plane: V. = {t e C : Imr > 0}. We put 
H = 'HUQU {ioo}. We denote by D the standard fundamental domain of SL 2 (Z). 
If T is the pullback of G H H SL 2 (Z/pZ) to SL 2 (Z),_then the set X H (C) of complex 
points is analytically isomorphic to the quotient T-L/T, supplied with the properly 
defined topology and analytic structure. See any standard reference like [19] for all 
the missing details. 

Fora= (ai,a 2 ) € Q 2 , we put 4 = B 2 (a 1 - [aiJ)/2, where B 2 (T) =T 2 -T+\ is 
the second Bernoulli polynomial. Obviously |£ a | < 1/12, this will be used without 
special reference. 

We put A = (p _1 Z/Z) \ {(0,0)}. In this paper, we also identify p _1 Z/Z with 
p~ 1 V p . Moreover we always choose a representative element of a = (ai,a 2 ) e 
(p _1 Z/Z) 2 satisfying < ai,a 2 < 1. So in the sequel for every a € (p _1 Z/Z) 2 , 
we have £ a = S 2 (ai)/2. 

In the sequel, we use the notation Oi(-). Precisely, A = 0\(B) means that 
\A\<B. 

3. Preparations 

3.1. Siegel functions and modular units. Let a = (ai,a 2 ) S Q 2 be such that 
a ^ Z 2 , and let g a be the corresponding Siegel function, see [14, Section 2.1]. We 
have the following infinite product presentation for <7 a , see [8, Formula (7)]. 

oo 
,9a(r) = _gB 2 (a 1 )/2 e 7Tia 2 (a 1 -l) JJ ^ _ q n+ ai ^ia^ ^ _ g n+l-e»i & -1-Ki a ^ ^ 

n=0 

where q T = e 2TlT and S 2 (T) = T 2 — T + g is the second Bernoulli polynomial. 

From the proof of [8, Proposition 2.3] and replacing 3|qy| by 2.03|g T | in [8, For- 
mula (11)], we get directly the following lemma. 

Lemma 3.1. Let a € Q 2 \ Z 2 . Then for t G D, we have 

log | 5a (r)| - 4 log \q T \ + log 1 1 - q?e 2 ™ 2 \ + log |1 - q l T - a >e- 2 ^\ + O 1 (2.03|g T |). 

Recall that by a modular unit on a modular curve we mean a rational function 
having poles and zeros only at the cusps. 

For a G (p~ 1 Z) 2 \ Z 2 , we denote <? a 2p by u a , which is a modular unit on the 
principal modular curve X(p) of level p. Moreover, we have w a = u a i when a = a' 
mod Z 2 . Hence, u a is well-defined when a 6 A. In addition, every u a is integral 
over Z[j]. For more details, sec [8, Section 4.2]. 

Furthermore, the Galois action on the set {u a } is compatible with the right 
linear action of GL 2 (Z/pZ) on it. That is, for any a € Gal(Q(X(p))/Q{X(l))) £ 
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GL2(Z/pZ)/ ± 1 and any a € A, we have 

K = u &o- 
Here we borrow a result and its proof from [2] for the conveniences of readers. 
Lemma 3.2 ([2]). We have 



n 



a-; 



u a =p 12 ?. 



Proof. We denote by u the left-hand side of the equality. Since the set A is stable 
with respect to GL 2 (Z/pZ), u is stable with respect to the Galois action over the 
field Q(X(1)) = Q(j). So u £ Q(j). Moreover, since u is integral over Z[j], u <G Z[j]. 
Notice that X(l) has only one cusp and u has no zeros and poles outside the cusps, 
so u must be a constant and u <G Z. Since 



(ai,a2)6A 


and 


XI a2 ( 1 ai ) = 4 ' 

(ai,a 2 )GA 


)r g = 0, 






u= n a- 

(ai,a2)€iA,ai=0 


27TZQ2 \12p 


= TT (1 — e 2fc,ri / p ) 12p = p 12p 

l<k<p 



a 

3.2. A+, (p) and Xh- It is well-known that the curve X+ S (p) has (p — l)/2 cusps. 
Moreover, these cusps correspond to the orbits of the (left) action of GnSL2(Z/pZ) 
on the set F 2 \ {(q)}, see [7, Lemma 2.3]. By definition, these orbits are the sets 
£ a , defined by x 2 — Sy 2 = ±a, where a runs through F£ /{±1}, the cusp at infinity 
corresponds to a = 1. 

Form now on, we fix an integral point P of X+(p) and assume that | j(P)| > 3500. 
Since every integral point of X+ S (p) is also an integral point of Xy, P is also an 
integral point of Xh- Hence for our purposes, we only need to focus on the modular 
curve Xh- 

Notice that since all the cusps have ramification index p in the natural covering 
^ns(p) — > X(l), so as the natural covering Xh — > X(l). 

We fix a uniformization Xh(C) = H/T, and let To £ W be a lift of P. Pick 
<r c e SL 2 (Z) such that r = cr t r 1 (T ) € D. As the proof of [8, Proposition 3.1], we 
can choose the cusp c = o~ c (ioo) and construct tt c = a c (A)/T. Furthermore, for the 
cusp c, following [8, Section 3] let t c be its local parameter and put q c = t v c , then 
q c and t c are defined and analytic on Q c . Moreover, q c (P) = qr- 

According to [8, Proposition 3.1], we have 

(3.i) \\m\ < kcipy 1 ] < |ij(p)|. 

We will use (3.1) several times without special reference. 

In the sequel we can assume that |g c (P)| < 10 _p . Indeed, the inequality 
|g c (P)| > 10~ p yields a much better estimate for log|j(P)| than those given in 
Section 1. 
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3.3. Modular units on Xh- The group GL/2(F P ) acts naturally (on the right) on 
the set A. Since Gh C GL2(F p ), let us consider the natural right group action of 
Gh on A. There are d orbits of this group action. These orbits are the sets O a , 
defined by {(x/p,y/p) : x 2 — S _1 y 2 € aH}, where a runs through F* /H. In fact, 
if (x, y) € O a , then for any g e Gh, noticing the two possible representations of g, 
it is straightforward to show that (x, y) ■ g G O a . 

Based on our conventions in Section 2, we consider the natural right group 
action of Gal(A'/Q) on the set of orbits of the group action A/Gh- Moreover, for 
any a £ Gal(K/Q) and any orbit O a , we have 

O a a = O aa . 

It is easy to see that this group action is transitive. So we obtain the following 
lemma. 

Lemma 3.3. We have \O a \ = (p 2 - l)/d. 

Let S be any subset of A, we define 



u s =n 



"a 
aGS 



Let O be an orbit of A/Gh, we have 

(3.2) u = ] J w a . 

aeo 

By [8, Proposition 4.2 (ii)], uq is a rational function on the modular curve Xh- 
Furthermore, uq is a modular unit on Xh- 

We denote by Ord c (we>) the vanishing order of uq at c. The following lemma is 
derived directly from Lemma 3.1 and [8, Proposition 4.2 (iii)]. 

Lemma 3.4. We have 

(3.3) log |uo(P)| = ° rdc( " o) log |g c (P)| + log | 7c | + Oi(17p 8 |?c(i , )| 1/p ) 



where 



0rd c (u O ) = lV Y, £ * Und ^= (l_ e 2«a2)12 P _ 



agO(7 c (oi,U2)eOff c 

O!=0 

Proof. Here we use the following identity: 

u (P) = u o (t ) = u o (cr c (cr~ 1 (r ))) = uo CTc (r). 
Notice that for \z\ < r < 1, we have 

Uog|i + ,||<^^M. 

r 
Taking 7- = 0.1 and combining Lemma 3.1 with Lemma 3.3, we have 

log |« (P)| = ° rdc( " o) log |g c (P)| + log | 7c | 
P 

+0 1 ^p^-lqciP)^ + 25p^-p-\q c (P)\ 
Then this lemma follows from d > 3. 
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We want to indicate that j c is a real algebraic number. Because if (0, 02) <E Oa Cl 
then we have (0, —02) € Oa c based on the fact that if (x, y) G O, then (—x, —y) € C 

Lemma 3.5. The group generated by the principal divisor (uq), where O runs over 
the orbits of A/Gh, is of rank d — 1. 

Proof. By Lemma 3.2, the rank of the free abelian group (uq) is at most d — 1. 
Then Manin-Drinfeld theorem, as stated in [14] , tells us that this rank is maximal 
possible. □ 

4. Baker's method on X h 

In this section we obtain a bound for log|j(P)|, involving various parameters. 
Recall that P is the integral point of X+ S (p) fixed in Section 3.2. 

4.1. Cyclotomic units. We introduce a set of independent cyclotomic units of 
Q(C P ) + as follows, 



i-Cp fc _ C P fc/2 -<p fc/ a t _ p-1 

p & 1/a -oJ' 



<r, , _ /»(l-k)/2 . k. - ^P ^P 1,-9 

Cfc-i-q, !_ C - -i/2_ i/2' «--«,••-, 2 



for details see [22, Lemma 8.1]. In particular, {— l,£i, ■ ■ ■ ,^£^3} is a set of inde- 
pendent generators for the full group of cyclotomic units of Q(Cp) + - Let m! be the 
index of (£1 , ■ ■ ■ , £p^± ) in the full unit group of Q(Cp) + modulo roots of unity, which 

is equal to the class number of Q(Cp) + - 
We put 

1— r V — 3 

vk=N<Q,(c P )+/K(tk)= n ££' fc=i,...,— y~ ■ 

ffeGai(Q(c P )+/Ar) 
Let m be the exponent of (771, • • • , r/p-3) in the full unit group of K modulo roots 
of unity. Since [Q(C P ) + : K] = \H\/2 = ^, we have 

m'(p-l) 



W m 2d 

Since m is finite and the rank of the full unit group of K is d — 1, the group 
(771, • • • , ri ps ) modulo roots of unity has rank d— 1. In particular, in the sequel we 
assume that 7/1, • • • , %-i are multiplicatively independent without loss of generality. 

4.2. More about modular units on Xjj. We fix an orbit O of the group action 
A/Gh- Put U = uq, where uq is defined in (3.2). 

Based on our conventions in Section 2, for any a e Gal(if/Q), wc can de- 
fine U a as the natural Galois action. Indeed, we can view a as an clement of 
Gal(K(X H )/Q{X+{p))) and U G K(X H )- Moreover, we have U a = u a * and 
u{py = U a (P). 

Since the Galois group Gal(K/Q) acts transitively on the set of orbits of A/Gh, 
we can rewrite Lemma 3.2 as follows. 

Lemma 4.1. We have 

U° = P 12 p. 

creGal(-fiyQ) 

By Lemma 3.3 and the formula for Ord c ue> appearing in Lemma 3.4 we obtain 
a bound for the vanishing order of U at c. 



BOUNDING j-INVARIANT OF INTEGRAL POINTS ON X+(p) 

Lemma 4.2. We have 



d 

For 1 — ( p , we take the Q(£ p )/A-norm, setting /j, = A/q(£ )/ic (1 — Cp)- 
Lemma 4.3. FFe have (£/(P)) = (m 12p )- 

Proof. Since P is an integral point of Xh , by [8, Proposition 4.2 (i)] and Lemma 
4.1, the principal ideal (t/(P)) is an integral ideal of the held A" of the form p ra , 
where p = (/z) and n is a positive integer. 

In addition, since p is stable under the Galois action over Q, we have (U (T (P)) = 
p" for every a e Gal(A"/<Q>). Noticing that p d — (p), it follows from Lemma 4.1 
that n=12p. □ 

So Dirichlet's unit theorem gives 

U(P) m = ±r,Vvl 1 ■■•&-!> 

where ?/o = /^ 12p and b\, • ■ ■ , &d-i are some rational integers. 
Let 

v = u/ m , 

then we have 

V(P) m =±rfc...r&: 1 \ 
and Ord c V = Ord c C7. For every a e Gal(AT/Q), we have 

(4.2) v(pr = ±(^...(»,5_ 1 ) 6 --s 

where V a — U a /i]q. Furthermore, by (3.3), we have 

(4.3) log|F-(P)| = ^£^log|g c (P)|+log|T c , CT | + 1 (l7p 3 \q c (P)\^ 

p V 

where T Ct<T = j^a/Vo and 

7c.= II (l-e 2 ™ 2 ) 12 ^. 

(ai,a 2 )GO(T(T c 
ai=0 

Notice that 7c !Cr = 7 C when a is the identity. So T c .i = "f c /Vo- 
Finally we put 

B = max{|6i|,- •• ,|6 d _i|,m}. 

4.3. Upper bound for B. We fix an order on the elements of the Galois group 
by supposing 

Gal(A7Q) = {a = l,ai,--- ,a d _i}. 

Since the real algebraic numbers 771 , • ■ ■ >%-i are multiplicatively independent, 
the (d — 1) X (d — 1) real matrix A = (log j?^ |) 1<fc £<d _ 1 is non-singular. Let 
( a ke) 1 <:k e<d-i ^ e the inverse matrix. Then by (4.2) we have 

d-l 

b k = mY / ^\og\V a '(P)\, l<k<d-l. 
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Define the following quantities: 



d-l 



-$> fc ,Ord c V° 



Pc,k = my^a fc £log|T C|<T J, 

d-1 

K = max{max\ \ceki\, !}■ 



r=i 



According to (4.3), we have 

bfc = <Jc,fclog|«c(i > )|+/8c,fc + Oi(l7p 8 mK|?o(i , )| 1/p 

Let <5 = max \5 c .k\ and /3 = max |/3 c ,fc|- Then we have 



(4.4) 



B<5log\q c (P)- 1 \+(3 + 2 P 3 



4.4. Preparation for Baker's inequality. We define the following function 

( V ifOrd c T/ = 0, 

W = I 

y yOtdcV" (y*}-OTd e V if Ord c F ^ 0, 

where cr € Gal(-K/Q) and a ^ 1. So we always have OrdcVF = 0. Moreover, W is 
not a constant by Lemma 3.5. In Section 6 we will choose special U (i.e. V) and a 
to deal with the exceptional case. 
Define 

IT^r 1 ifOrd c F = 0, 



Ctd 



r Ord c V" 



r Ord c l^ 



if Ord c F ^ 0. 



Then by (4.3) and Lemma 4.2 we obtain 

(4.5) log|W(P)| = -\oga d + O l (l2p 7 |g c (P)| 1 ^) . 

Put 

A = mlog |W(P)| + to log a^- 
If Ord c y = 0, by (4.2), we have 

A = 6i log |t7i| H h6 d _ilog|r/ d _i| + m\oga d . 

In this case, we put ak = \r]k\ for 1 < k < d — 1. 

If Ord c F ^ 0, by (4.2), we have 



A = bi log 



^ r 



oAOrdeV 



faf) 



+ 



bd-ifog 



Ord c V 

Vd-i 



In this case, we put a^ 



Hence, in both two cases we have 



<k<d-l. 



+ m\oga d . 



(4.6) A = bilogai H h &d_ilog«d-i +TOloga d . 

Notice that all ak, 1 < k < d, are contained in Q(Cp) + - 
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4.5. Using Baker's inequality. If A = 0, we can get a better bound for log |j(-P)|, 
see the Section 6. So here we assume that A^O. 

Using [16, Corollary 2.3] and combining (4.4) and (4.5), we have 
(4.7) 

cxp(-C 1 (d)fi(^) 2 (l+log^-l)(l+logB)) < |A| < AMP)! 1 /* < Acxp ( 



2 / V o 2 M o // . 1 - !1CV 'I - ^ ^ 

where 

d(d) = min{|d 4 - 5 30 d+3 ,2 6d + 20 } , 

p — 1 
Afc > max{ h(afc), | log a fe |, 0.16}, 1 <k<d, 

Q = A 1 ---A d , \ = 12p 7 m, 

and h(-) is the usual absolute logarithmic height. 
We obtain B < K\ log B + K 2 , where 

R\ = SpC^dM^fil +log^), 

# 2 = 5pC 1 (d)0(^^) 2 (l + log ^-) +(3 + 2p 3 mn + Sp\og\. 

By [6, Lemma 2.3.3], we obtain 

B<B Q = 2{K l \ogK 1 +K 2 ). 

Then by (4.7), we have 

| 9c (P)- 1 |<APexp(pC 1 (d)O(^ y i) 2 (l + log^)(l + log J B )). 



Finally we have 



rP -1 ^/-, , ,__P- 1 - 



(4.8) log|j(P)|<pC 1 (d)fi(i^-) 2 (l + log^-)(l + logB )+plogA + log2. 

Hence, to get a bound for log |j'(P)|, we only need to calculate the quantities in 
the above inequality, and we will do this in the next section. 
It is easy to see that 

d{d) = min{^ 4 - 5 30 d+3 ,2 6d + 20 } < 2d 45 30 d + 3 . 

5. Computations 

5.1. Upper Bound for m. Let h + , R + and D + be the class number, regulator 
and discriminant of Q(Cp) + , respectively 

By [22, Lemma 8.1 and Theorem 8.2], we have m' = h + . By [22, Proposition 
2.1 and Lemma 4.19], we have |-D + | = p~^~ . Then the class number formula (see 
[22, Page 37]) gives 

J)* if n «•■*>■ 

Using [11, Theorem 2] to the field extension Q(C P ) + /Q, we have R + > 0.32. Ap- 
plying [15, Theorem 1] to the field extension Q(Cp) + /Q and noticing the constant 
Hq below Formula (6) of [15], we get 

|L(l,x)|<5logp + 0.03<togp, if X ¥=!■ 
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h + < p 4 (log p) 2 . 



Hence we have 

Finally by (4.1), we obtain 

(5.1) to < — i— — '- < p * (logp) => . 

In the sequel we use the following formulas. For any n g Z and Oi, ■■ • , Oi, a € Q, 
we have 

h(oi + • • • + a k ) < h(ai) + ■ ■ ■ + h(o fe ) + log &, 

h(ai • • • a fe ) < h(ai) H h h(a fc ), 

h(a") = |n|h(a), 

h(C) = for any root of unity (e C. 

5.2. Height of r) k -i for fc = 2, . . ., (p- l)/2. Let seF p x and cr a e Gal 

induced by the automorphism of Q(Cp) ■ Cp ~^ Cp ■ 

Since ^ = ^/^C^ > wc havc h (Cfc-i) < 21o S 2 - So 

Cp Cp 

(p-l)log2 

hCV.!)< 5 • 

Notice that if -f < a < § , then «|£ > 2. Since ^ = =gM, we have 

|£-. |< i < I <l 

l€ *- 11 " |sin(7ro/p)| " sin(7r/p) 2' 

and 

2 

Iffeiil > |sin(7rafc/p)| > sin(7r/p) > -. 



So wc have | log l^'jjl < log | . Hence 



(p-l)logf 



2d 
Since we can view G&\(K/Q) as a quotient group of Gal(Q(C p )/Q), for any 



a e Gal(if/Q), we have 
(5.2) h( ? ^_ 1 ) < { -t- 



(P"l)log2 __, ,,__,_„ „ ^ (p -l)logf 

2d 



5.3. Height of 770. Following the method in Section 5.2, we have h(l — (,£") < log2. 
So 

12p(p-l)log2 
h(%')< ^ ■ 

First we have |1 — Cp" | < 2. Second we have 

7T \ / Z 



|l- C ^>2-2cos-=4^in-j >^- 
So we have | log |1 — Cp a \\ < log f • Hence 



log K* || < 



12p(p-l)log§ 
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Since we can view Gal(K/Q) as a quotient group of vj&j^vjvsp 
a <G Gal(iv/(Q>), we obtain 



for any 



(5.3) h(r£) < 



12p(p-l)log2 12p(p-l)logf 

and |log|r?£||< *-. 

5.4. Height of |T Cj(r |. Recall that T C , CT = 7 c , ./rjg', cr e Gal(^/Q) and 



7c.<T = 



n (i 



p 2i7ra2 \ 12p 



(oi,02)60lTff c 

Oi=0 



Notice the description of in Section 3.3, we have \{{a\ : a2) £ Oaa c : a\ = 0}| < 
2\H\ = j - . Following the method in Section 5.2, we get 

24p(p- l)log2 



Since T CtCr = j c ,a/Vo^ we nave 



h(T c , CT )<h( 7c:CT ) + h( % CT )< 

Noticing that |T CiCT | 2 = T CjCT T CiCT , we get 

36p(p- l)log2 



36p(p— l)log2 



(5.4) 



K|Tc,a|) < 



Since oi = 0, we have a 2 € j 1 , • • • , Ezli }. First we have |1 - e 2i7ra2 \ < 2. Second 



II -e 



2z7ra.2 1 2 



2(1 - cos27ra 2 ) > 2(1 - cosir/p) = 4 sin 2 — > -=. 



Lp p" 



So we have | log 1 1 - e 2iTra2 \ \ < log § , and then 



log 1 7c 



< 



Hence we have 

(5.5) 



log|T c J|< 



24p(p-l)log£ 



36p(p-l)log| 



5.5. Calculation of ft. Recall that = Ai • • • A^, where 

A k > max {^Z_h(a fe ), | log a fc |, 0.16}, 1 < fc < d. 

If Ord c V = 0, then a k = \r) k \ = ±T)k, 1 < k < d - 1, and a d = ITdl" 1 . Then 
for 1 < k < d — 1, we can choose A k = p 2 /d. For Ad, we can choose Ad = 36p 3 /d. 



If Ord c F ^ 0, then a k 



«) c 



1 < k < d — 1 , and ad 



-^-Ord 
1 c.a 



. For 



1 < k < d— 1, combining Lemma 4.2 we can choose A k = p 6 /d 2 . For A,j, we can 
choose A,j = 36p 7 /d 2 . 

Therefore, we can choose 



(5.6) 



ft = 36p bd+i /d 



6d+l / j2d 
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5.6. Calculation of Bq. For our purpose we need to calculate S, (3 and K. In fact, 
all we want to do is to get a bound for \otkt\, 1 <k,l <d—l. 

Let Rk be the regulator of K. By [22, Lemma 4.15], we have | det A\ > ttiRk- 
Applying [11, Theorem 2] to the field extension K/Q, we have Rk > 0.32. So we 
get 

| det A| > 0.32m. 

Notice that otkt = j4 A A(k, where Aik is the relative cofactor. The reader 
should not confuse the matrix A, the constants A& introduced in Section 4.5 and 
the cofactors An-. 

By Hadamard's inequality and (5.2), we have 

-2 



1-4 



tk 



< 



(p-lVg£21ogj 

2d 



Then we have 



\otu\ < 



(p-l)Vd=2logZ 



2d 



1 



0.32m 



p— l _9 

< (P\/P log P) 2 /m 
= p 4 (iogp) 2 /m. 



Hence, we obtain 



3p-3 . P-5 

< p i (logp) 2 , 

3p-7 p-3 

/3 < 36p * (logp) 2 , 

3p-H ,, ■ P~ 5 , 

k < p 4 (logp) 2 /m. 

Notice that d < (p — l)/2 and p > 7, we get Ci(<i) < p p+8 . Therefore, we have 

A'i < p^+^logp)^ 1 , A 2 < 4p 5p+9 (\ogp) p -\ 

and then 

S < I6p 5p+1 ° (log p) p , 1 + logBo < 8plogp. 

5.7. Final results. Finally, by (4.8) wc can get an explicit bound for log |,?(.P)| as 
follows 

p-1, 



\og\j(p)\<2 P c 1 (d)n( 



p —±ni+io g 



-)(l + logB ) 



< C(d)p bd+b (logp) 



where C{d) = 30 d+5 • GT 2d+4 - 5 . Hence we obtain Theorem 1.1. 

If we choose d = (p — l)/2, applying the bound p— 1 > 6p/7 and a few numerical 
computations, wc can get Theorem 1.2. 



6. The case A = 

In this section, wc suppose that A = 0. Then we will obtain a better bound for 
log|j'(-P)| than Theorem 1.1. 

First wc assume that Ord c y = 0, i.e. OrdJJ = 0. Then we have |£/(P)| = |7 C |. 
Since U(P) and j c are real, we have U(P) 2 = j 2 , i.e. U 2 (P) = j 2 . 
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Recall J7 C and the g-parameter q c mentioned in Section 3.2. Let v be an absolute 
value of Q(Cp) normalized to extend a standard absolute value on Q. for the modular 
function U 2 , we get the following lemma. 

Lemma 6.1. There exist an integer function /(•) with respect to q c and Af, Arj, A3 • • • G 
Q(Cp) such that the following identity holds in £~l c , 

rrll \ °° 

(6.1) log - jgjjg - 27r/(«c)» + £ Klc /P 

and 



l 2 c q c v k=l 



l*fcl« < 1 



|/f|„ * if v is finite, 

l (k+p) if v is infinite. 
In particular, for every k > 1 we have 

h(A£) < log(48p 3 + 48fcp 2 ) + log A:. 
Proof. By definition, we have 

Tj2( \ °° °° 

(6-2) - itiu = II II (l-q^e^^Hil-q^^e- 2 ^)^. 



l 2 Qc V &€Oa c n=0 n=0 



Since 



n+1 — ai 



X e 24 P | 9c r ai +]T24 P i<? c 

aeOir. \ n=0 n=0 

\n+ai#0 

is convergent, it follows from [1, Chapter 5 Section 2.2 Theorem 6] that the right- 
hand side of (6.2) is absolutely convergent. Then we can write it as the form 

CO 00 

~[ (1 + d n ) such that \\ (1 + d n ) is absolutely convergent. Hence, [1, Chapter 5 

n—l n—1 

Section 2.2 Theorem 5] gives 
U 2 (q c ) 



lo 



Iclc 



= 2irf(q c )i + J2 E 24plog(l- (Z ™ + ^ e 2 ^) + E 24 P lo g(l-9 c n+1 " ai e- 2ma2 ) 

agO(J c \ n=Q n=0 

Applying the Taylor expansion of the logarithm function to the right-hand side of 
the above formula, we get the desired identity (6.1). 

For a fixed non- negative integer n (where we assume n > if a\ =0), write 

00 

log(l-^ +ai e 2 " a2 ) = E/3^ fc/JV . 
fc=i 

An immediate verification shows that 

Ifl I < / l^ 1 if v is finite ' 
[1 if v is infinite. 

Same estimates hold true for the coefficients of the g-series for log(l— <7™ +1 ~ ai e~ 2, ™ a2 ). 

For each a £ Oa c , the number of coefficients in the g-series for log(l— <j" +ai e 27rW2 ) 
which may contribute to A£ (those with < n < k/p) is at most k/p + 1, and the 
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same is true for the g-series for log(l — g,«+ 1 - a i e - 27ria 2^ The bound for |A£|„ now 
follows by summation. D 

Corollary 6.2. With the assumption Ord c U = 0, we have A£ ^ for some k < p 5 . 

Proof. Since Ord c P = and U is not a constant, there must exist some A£ ^ 0. Un- 
der the assumption Ord c P = 0, we have U(c) = *y c , and then f(q c (cj) = by (6.1). 
We extend the additive valuation Ord c from the field K(Xh) to the field of formal 
power series K{{ql /p )). Then Ord c ql /p = 1 and Ord c (-2nf(q c )i + \og(U 2 /j 2 )) < 
Ord c log(P 2 /7 2 ) = Ord c (P 2 /7 2 — 1). The latter quantity is bounded by the degree 
of £/ 2 /7 2 — 1, which is equal to the degree of U 2 . 

The degree of U 2 is equal to Yl |Ord Co U\, here the sum runs through all the 

CO 

cusps of Xh ■ Then the result follows from Lemma 4.2. □ 

Now we can get a bound for log |i(P)|. 

Proposition 6.3. Under the assumptions A = and OvAJJ = 0, we have 

log \j(P)\ < P 2 log(48p 12 + 48/) +plog{96p 2 ( P 5 +p+l)) + log 2. 

Proof. Let n be the smallest k such that A£ ^ 0. Then n < p 5 . We assume 
that |<7c(-P)| < 10 _p , otherwise there is nothing to prove. Since Ord c U = and 

U 2 {P) = 7 2 , it follows from (6.1) that 2tt f{q c {P))i + £ X c k q c {P) k/p = 0. 

k—n 

Suppose that f(q c (P)) = 0. Then \X c n q c (P) n ^\ = | £ \%q c {P) k '% On one 

fc=n+l 

side, we have 

oo oo oo 

I £ X c k q c (P) k/p \< ]T \Xl\\q c (P)\ k/p < J2 48p 2 (k+p)\q c (P)\ k /v 

k— n-\-l fc— n+1 k— n+1 

= 96p 2 (n+p+l)|g c (P)| (n+1)/p . 
On the other side, using Product Formula we get 

| A c| > e -MC P )mHK) > (48np 3 + 48nV)"P +1 . 
Then we obtain 

logl^P)- 1 ! <p 2 \og(48p 12 + 48p 8 )+p\og(96p 2 (p 5 + P +l)). 
Finally, the desired result follows from (3.1). 

Suppose that f{q c {P)) ^ 0. Then27r < | £ X%q c {P) k / p \ < 96p 2 (n+p)\q c (P)\ n ^. 

Then we get log |(7 C (P) _1 | < plog(96p 2 (p 5 +p))- So we have 
\og\j(P)\ < p\og(96p 2 ( P 5 + p)) +\og2. 

□ 

Now we assume that Ord c V ^ 0, i.e. Ord c [7 ^ 0. By Lemma 4.1, we can 
choose a U such that Ord c J7 < 0. Then we choose a a such that Ordclf 7 > 0. 
Put m = — Ord c [7 and n-i = Ord c [/ cr . Since P(P) and j c arc real, we have 
P(P) 2 " 2 P CT (P) 2ni = 7 2?l2 7 2 ™ 1 , i.e. P 2 " 2 ([/' T ) 2 ™ 1 (P) = 7 2 ™ 2 7 2 " 1 . Lemma 3.5 guar- 
antees that U 2n2 (U a ) 2ni is not a constant. 

Applying the same method as the above without difficulties, we can also get a 
better bound than Theorem 1.1. We omit the details here. 
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